Hawking Non-thermal and Thermal Radiations of Schwarzschild Anti-de Sitter Black 

Hole by Hamilton-Jacobi method 



M. Atiqur Rahman 

Department of Applied Mathematics, Rajshahi University, Rajshahi - 6205, Bangladesh 

M. Ilias Hossain 

Department of Mathematics, Rajshahi University, Rajshahi - 6205, Bangladesh 

Abstract 



(N 

o 

(N 



The massive particles tunneling method has been used to investigate the Hawking non-thermal and 
purely thermal radiations of Schwarzschild Anti-de Sitter (SAdS) black hole. Considering the spacetime 
background to be dynamical, incorporate the self-gravitation effect of the emitted particles the imaginary 
part of the action has been derived from Hamilton-Jacobi equation. Using the conservation laws of energy 
and angular momentum we have showed that the non-thermal and purely thermal tunneling rates are 
related to the change of Bekenstein-Hawking entropy and the derived emission spectrum deviates from 
the pure thermal spectrum. The result obtained for SAdS black hole is also in accordance with Parikh 
and Wilczek's opinion and gives a correction to the Hawking radiation of SAdS black hole. 
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According to the information loss paradox [TJ [2] , the in- 
formation carried out by a physical system falling toward 
black hole singularity has no way to recover after a black 
hole has completely disappeared. The loss of informa- 
tion was considered as preserved inside the black hole 
and so was not a serious problem in the classical the- 
ory. Taking quantum process into account, the situa- 
tion has changed. With the emission of thermal radiation 
JIJ_2, black holes could lose energy, shrink, and eventually 
evaporate away completely. In this basis, many research 
works on the thermal radiation of black holes have been 
made [3j |H [6] . Since the radiation with a precise ther- 
mal spectrum carries no information, the original matter 
that forms the black hole can evolve as the thermal spec- 
trum at infinity and violates the fundamental principles 
of quantum theory because of prescribing a unitary time 
evolution of basis states. However, the information para- 
dox can perhaps be attributed to the semi-classical nature 
of the investigations of Hawking radiation. Researches in 
string theory indeed support the idea that Hawking radi- 
ation can be described within a manifestly unitary theory 
and is still remains a mystery how information is recov- 
ered. Although a complete resolution of the information 
loss paradox might be within a unitary theory of quantum 
gravity or string/M theory, it is argued that the informa- 
tion could come out if the outgoing radiation were not 
exactly thermal but had subtle corrections [3]. 

A semi-classical method to describe Hawking radi- 
ation as tunneling process was initiated by Kraus and 
Wilczek [71 [8] , where a particle moves in dynamical ge- 
ometry. This method involve calculating the imaginary 
part of the action for the process of s-wave emission across 
the horizon, which in turn is related to the Boltzmann fac- 
tor for emission at the Hawking temperature. Applying 



this method, two different methods have been employed 
to calculate the imaginary part of the action, one the 
null geodesic method developed by Parikh and Wilczek 
(9j [TOj [IT] and other by Angheben et al. [12]. In fact, 
the method of Angheben et al. [T2] is an extension of the 
complex path analysis proposed by Padmanabhan et al. 
[13l [141 [15] . The latter method involves consideration of 
a emitted scalar particle, ignoring its self-gravitation and 
assumes that its action satisfies the relativistic Hamilton- 
Jacobi equation. An appropriate ansatz for the action 
can be obtained from the symmetries of the spacetime 
which is known as the Hamilton-Jacobi ansatz. Both 
the methods show that when the self-gravitational inter- 
action and the unfixed background spacetime are taken 
into account, the actual Hawking radiation spectrum de- 
viates from the purely thermal one, satisfies the underly- 
ing unitary theory and gives a leading correction to the 
radiation spectrum. Extending these methods to general 
case, a lot of works for various spacetimes have been done 
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_3TJ [321 [331 ESI __S1 [361 (371 [38l E3 gO] 0JJ and all of these 
are limited to massless particle. 

On the other hand, Hawking radiation from massive 
uncharged particle tunneling |42) and charged particle 
tunneling [43l [44] from black hole was first proposed by 
Zhang and Zhao. Exploiting this work, a few researches 
have been carried out as charged particle tunneling [451 
[46l [47] . Recently, Kerner and Mann developed quan- 
tum tunneling methods for analyzing the temperature of 
Taub-NUT black holes [48] using both the null-geodesic 
and Hamilton-Jacobi methods. In the latter method the 
self-gravitation interaction and energy conservation of emit- 
ted particle were ignored to calculate the thermal radia- 
tion spectrum. Parikh and Wilczek have shown that these 
radiation spectrum is not strictly thermal but satisfies the 



underlying unitary theory when self-gravitation interac- 
tion and energy conservation are considered. Considering 
Kerner and Mann's process Chen, Zu and Yang reformed 
Hamilton- Jacobi method for massive particle tunneling 
and investigate the Hawking radiation of the Taub-NUT 
black hole [49]. Using this method Hawking radiation of 
Kerr-NUT black hole [50], the charged black hole with 
a global monopole [51] and Schwarzschild-de Sitter black 
hole [52] have been reviewed. We apply these method to 
investigate the Hawking radiation of SAdS black hole. 

The solutions of black holes in Anti-de Sitter spaces 
come from the Einstein equations with a negative cosmo- 
logical constant. Anti-de Sitter black holes are different 
from de Sitter black holes. The difference consisting in 
them is due to minimum temperatures that occur when 
their sizes are of the order of the characteristic radius of 
the anti-de Sitter space. For larger Anti-de Sitter black 
holes, their red-shifted temperatures measured at infin- 
ity are greater. This implies that such black holes can 
be in stable equilibrium with thermal radiation at a cer- 
tain temperature. Moreover, recent development in string 
/M-theory greatly stimulate the study of black holes in 
anti-de Sitter spaces. One example is the AdS/CFT cor- 
respondence [53] HH [55] between a weakly coupled grav- 
ity system in an anti-de Sitter background and a strongly 
coupled conformal field theory on its boundary. So our 
study on the Schwarzschild anti-de Sitter black holes is 
reasonable and meaningful. 

This paper is structured as follows. The next section 
will outline the position of event horizon of SAdS black 
hole. In section 3, we then consider the unfixed back- 
ground spacetime and the self-gravitational interaction 
into account, we review the Hawking non-thermal radia- 
tion of SAdS black hole from massive particle tunneling 
method. The new line element of SAdS black hole near 
the even horizon is also derived in this section. In section 
4, we have derived the Hawking purely thermal radiation 
from non-thermal rate. Finally, in section 5, we present 
our remarks. 



2 Schwarzschild Anti-de Sitter 
black hole 

The Schwarzschild Anti-de Sitter black hole with mass M 
and a negative cosmological constant A = —3/£ 2 is given 

by 

ds 2 = -f(r)dt 2 + -^--dr 2 + r 2 (d9 2 + sm 2 9dip 2 ), (1) 
f(r) 

where the lapse function, /(r), is given by 



2m r 2 
/(r) = l- — + p, 



(2) 



and the coordinates are defined such that — oo < t < oo, 
r > 0, < 9 < 7T and < 4> < 2tt. The lapse function 
vanished at the zeros of the cubic equation 



r 3 + £ 2 r - 2mt = 0. 



(3) 



The only real roots of this equation is 
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Expanding r + in terms of m with \ji 2 << m 2 /9, we 
obtain 

4m 2 



r + = 2m 1 



(5) 



Therefore, we can write r + = 2mm with rj < 1. The 
event horizon of the SAdS black hole is smaller than the 
Schwarzschild event horizon, r# = 2m. 

3 The Hamilton-Jacobi Method 
for Non-thermal Radiation 

We next consider the method of Chen et al. [49] for cal- 
culating the imaginary part of the action making use of 
the Hamilton-Jacobi equation [12]. We assume that the 
action of the outgoing particle is given by the classical ac- 
tion / satisfies the relativistic Hamilton-Jacobi equation 
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(6) 



in which u and are the mass of the particle and the 
inverse metric tensors derived from the line element ([T]). 
Since the event horizon of SAdS black hole coincides with 
the outer infinite rcdshift surface, here we can apply the 
geometrical optics limit. Using the WKB approximation 
[5B] , the tunneling probability for the classically forbidden 
trajectory of the s-wave comming from inside to outside 
of SAdS event horizon is given by 



T ~ exp(-2Im/). 



(7) 



As mention before, this method is different from Parikh 
and Wilczek method (Null geodesic) in which the action 
mainly relies on the exploration of the equation of mo- 
tion in the Painleve coordinates systems and the calcula- 
tion of Hamilton equation. But in the Hamilton-Jacobi 
method we avoid this for calculating the imaginary part 
of the action I. For the convenient of discussion, we de- 
fine A — r 2 — 2mr + and then the line element (fTJ can 
be written as 



ds 2 = — -dt 2 + — dr 2 + r 2 {d9 2 + 



sin 



(8) 



Near the event horizon, the above line element can be 
rewritten as 



ds 2 = 



dt 2 



A ,r{r+)(r - r+) 



dr 2 



+r 2 + (d9 2 + sin 2 9dcf> 2 ), (9) 



where, 
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For the metric ([9]), the non-null inverse metric tensors are 
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The Hamilton- Jacobi equation ([6]) , with the help of Eq. (jlip becomes 

r+ f^V &,r{r+)(r-r+) fdl\ 2 1 /<9A 2 1 /<9/ x2 



A iT .(r+)(r — r + ) \dt J \dr J r+ \d9 



u j! =0. (12) 



It is very difficult to solve the action 7 for I(t, r, 6, <fi). Considering the properties of black hole spacetime, the separation 
of variables can be taken as follows 

I=-ut + R(r)+H(p)+jil>, (13) 
where ui and j are respectively the energy and angular momentum of the particle. Since SAdS black hole is nonrotating, 



the angular velocity of the particle at the horizon is fl + — 
yields an expression of 



0. Using Eq.([l3"f into Eq. $F2ft and solving R(r) 



x / 2 A ,r(r+)(r - r+) 

A r (r+) J (r-r+) V r + 



R(r) = ± - ±— s j - - - x Jw 2 - ' n ±i [ 5 22 (S e i7(0)) 2 + 3 33 f + u 2 ]. (14) 



We consider the emitted particle as an ellipsoid shell of energy to tunnel across the event horizon and should not have 
motion in ^-direction (d9 = 0) and therefore, finishing the above integral we get 
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R(r) = ± A^T + * 



iAirm 2 ( Aw? \ 2 , 

^ + (15) 
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where ± sign comes from the square root and £ is the constant of integration. Inserting Eq. (|15[) into Eq. (|13[) , the 
imaginary part of actions corresponding to outgoing and incoming particles can be written as 

4nm 2 ( Am 2 \ 2 , . 

Im/± = h_ + .... w + (16) 



(r+ - m + 2-£) 



I 2 



According to the classical limit given in Ref. |57j , we ensure that the incoming probability to be unity when there is 
no refection i.e., every thing is absorbed by the horizon. In this situation the appropriate value of £ instead of zero or 

infinity can be taken as £ = 4mn ri ( 1 — — h .... ) uj + Re(£). Therefore, Imi_ = and 7+ give the imaginary 

(r+-m+2^-) V ' 

part of action I corresponding to the outgoing particle with the help of Eq. (|TU)) to the form 

Anm 2 ( Am 2 \ 2 , 

Im/= !_ +.... w . (17) 

(r + -m + 2^)V * / 
Substituting Eq. ([5]) into Eq. ()17|) . the imaginary part of action takes the form 

. 2 

A-nra 1 ( 1 



ImJ = ^ '- (18) 

2m (1- + - m + ^{2m(l-4mi + ...)} 3 

Since the SAdS spacetime is dynamic due to the presence of cosmological constant, we fix the Amowitt-Deser-Misner 
(ADM) mass of the total spacetime and allow to fluctuate. When a particle with energy uj tunnels out, the mass of the 
SAdS black hole changed into m — uj. Since the angular velocity of the particle at the horizon is zero (f2+ = 0), the 
angular momentum is equal to zero. Taking the self-gravitational interaction into account, the imaginary part of the 
true action can be calculated from Eq. (fT8| in the following integral form 

m 2 (l - ^ + • 

ImJ = 4tt / ; — 2 5 7 n s — du' . (19) 

Jo 2m(l-^ + ---)-m+^{2m(l-^ + ---)} 3 



Replacing m by m — uj, we have 
Im/ = -47T 



(m — 
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x<i(m — uj'). 

Employing WKB approximation, we neglect the terms (m — uo') n for 77 > 5, and rewrite Eq. (|20|) as 
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Therefore, from Eq. ([7]) the tunneling probability for SAdS black hole is given by 



(21) 



r ~ exp(— 21m/) = exp < it 



4(m - uj) 2 ^1 - 
exp[7r(r 2 - rf)] = exp(AS' Bff ) 



m — u})' 



- Am z 1 - 
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Where, rf — 2(m — uj) ( 



1 — 4 ("^") j an( j ri _ 2 ^1 — ^§-j are the locations of the SAdS event horizon before and 
after the particle emission, and AS BB = S B H(rn — uj) — «Sb# (m) is the change of Bekenstein-Hawking entropy. 

4 Purely Thermal Radiation 

The radiation spectrum described by Eq. (|22p is not pure thermal although gives a correction to the Hawking radiation 
of SAdS black hole. The purely thermal spectrum can be derived from Eq. (|22p by expanding the tunneling rate in 
power of w upto second order as discussed by Liu et al. [50] of the form 



, dS B H(m) 2 d2s BH(m) 
I ^ exp(Ab BB ) = exp < — uj - hw 



duj 



duj 2 



It is clear from Eq. ([22]) that 



S B H(m — uS) = 4(m — uj) 2 I 1 



which gives 



dS BH (m - uj) 



(m — uj) I 1 



(777 — ujY 



16(m-u;) 2 ^ d 2 S BH {m-uo) 
duj 2 



duj ~ v " ' y I 2 

with uj = 0, the above equation takes the following simple form 

dS BH (m) ( 16m 3 ^ d 2 S BH (m) 
— 8m 



48(m-cj) 2 
J 2 



1 



48m/ 
~J 2 ~ 



duj \ I 2 ) duj 2 

The purely thermal spectrum described by Eq. (|23p can be reduced with the help of Eq. (f2l)| of the form 



r ~ exp(AS B H) = cxp < — 8ttuj 



( 2 



uj f A8m z 
~ 2 ~P~ 



(23) 



(24) 



(25) 
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5 Concluding Remarks 

In this paper, we have presented an extension of the clas- 
sical tunneling framework [491 [501 I5T| for the spherically 
symmetric black hole cases to deal with Hawking radi- 
ation of massive particles as tunneling process through 
the event horizon of SAdS black hole. By treating the 
background spacetime as dynamical, the energy and the 
angular momentum as conservation, we have found the 
non-thermal and purely thermal tunneling probabilities 
of SAdS black hole when the particles self-gravitation is 
taken into account. 

The non-thermal tunneling probability of particle emis- 
sion is proportional to the phase space factor depending 
on the initial and final entropy of the system, which im- 
plies that the emission spectrum actually deviates from 
perfect thermally but is in agreement with an underlying 
unitary theory. We therefore come to the conclusion that 
the actual radiation spectrum of SAdS black hole is not 
precisely thermal, which provides an interesting correc- 
tion to Hawking pure thermal spectrum. In the limiting 
case, i.e., when A = 0, our results for non-thermal and 
purely thermal radiation reduced to 

T ~ exp(-2Im7) = exp {tt [4(m - w) 2 - 4to 2 ] } , (28) 

and 

r ~ exp(ASW) = exp{-87ro;(m - |)}. (29) 

These are the non-thermal and purely thermal tunneling 
rates of Schwarzschild black hole, where rj = 2m and 
Tf = 2(m — Li) are the positions of the event horizon of 
Schwarzschild black hole before and after the emission. 
Obviously, both the results are fully consistent with that 
obtained by Parikh and Wilczek [9]. 
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